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Abstract

Let A : Tn → Tn be a toral endomorphism. In this paper, we investigate the dimensional
properties of subsystems of (A,Tn). Specifically, we attempt to address the following ques-
tions: Under what conditions is the Hausdorff dimension equal to the Minkowski dimension
(dimH X = dimM X) for all subsystems X ⊆ Tn? In cases where these dimensions diverge,
what characterizes such subsystems, and what is their density within (A,Tn)? How do these
dimensional properties relate to the properties of the matrix A?

Introduction

For a set E in a metric space, we define the s-dimensional Hausdorff measure as:

Hs(E) = lim
δ→0

inf

{ ∞∑
i=1

(diamUi)
s : E ⊆

∞⋃
i=1

Ui, diamUi < δ

}

The Hausdorff dimension is then given by:

dimH E = inf{s ≥ 0 : Hs(E) = 0}

Now, define

N(E, ϵ) = min

{
k ∈ N : E ⊆

k⋃
i=1

B(xi, ϵ), x1, . . . , xk ∈ Rn

}

The upper and lower Minkowski dimensions are then defined as:

dimME = lim sup
ϵ→0

logN(E, ϵ)

log(1/ϵ)
, dimME = lim inf

ϵ→0

logN(E, ϵ)

log(1/ϵ)

When these limits coincide, we refer to the common value as dimM E.
We always have the inequality chain: dimH E ≤ dimME ≤ dimME. There exist many

examples where these inequalities are strong (see, for instance, Bishop and Peres, Fractal Sets
in Probability and Analysis). A standard example is the set

E = {0} ∪ {1/n : n ∈ N}

for which it is well-known that dimH E = 0, while dimM E = 1/2.
On the other hand, let us consider the map A : T1 → T1 given by x 7→ nx (mod 1) for

n ∈ Z, |n| > 1. For any invariant subsystem X, it is a classical result that dimH X = dimM X.
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Moving to T2, the behavior becomes more complex. For a diagonal matrix A =

(
n 0
0 m

)
, if

n = m, the system behaves essentially like the one-dimensional case and the dimensions coincide.
However, if n ̸= m, the dimensions can differ. Take the Bedford–McMullen carpets:

K =

{( ∞∑
i=1

xi
ni

,

∞∑
i=1

yi
mi

)
: (xi, yi) ∈ D

}

where D ⊂ {0, . . . , n − 1} × {0, . . . ,m − 1}. A prominent class of examples where dimensions
differ is obtained from certain (but not all) subsets D (For example, {(0, 0), (1, 1), (2, 0)} ⊆
{0, 1, 2} × {0, 1}). In this paper, we broaden this dimensional analysis to some other integer
two-dimensional matrices.

Organization of the Paper

This paper is structured as follows:

Chapter 0:Bowen’s Markov Partitions: An Overview

This chapter gives a brief overview of Bowen’s work on Markov partitions, which becomes useful
for chapter 2 and chapter 4.

Chapter 1: The Invertible Case in M2×2(Z)

In the first chapter, we treat the case of an invertible matrix on the torus (det(B) = ±1). We use
Markov partitions as defined and constructed by Bowen to obtain a factor map from a symbolic
space to the torus. By applying the mass distribution principle, the Shannon–McMillan–Breiman
Theorem, and the variational principle, we establish the connection between topological entropy
and Minkowski dimension to obtain dimM (X) = dimH(X).

Chapter 2: Matrices with Equal Eigenvalues in M2×2(Z)

In the second chapter, we treat the case of a matrix with equal eigenvalues. We utilize a theorem
by Falconer (1989) regarding quasi-self-similar sets. While a matrix with equal eigenvalues and
a non-trivial Jordan block does not meet these exact conditions due to polynomial growth, it
meets conditions sufficiently close to utilize a slight variation of this theorem.

Chapter 3: Mixed Eigenvalues and Non-Invertibility in M2×2(Z)

In the third chapter, we treat the case of a matrix B with eigenvalues 0 < λ1 < 1 < λ2,
and |λ1λ2| ̸= 1. Here, we cannot naively create a Markov partition because utilizing Bowen’s
work directly requires the map to be invertible. We attempt to create a Markov partition for
the invertible lift of our space. In addition, we draw conclusions from the dynamic shift space
{0, . . . , n}Z × {0, . . . ,m}N, which shares significant structural similarities to our space. Finally,
we discuss the cases of matrices with eigenvalues 1 < λ1, λ2 and potential extensions to higher-
dimensional tori.
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1 Bowen’s Markov Partitions: An Overview

In this section, we provide an overview of the classical construction of Markov partitions following
Bowen [1, pp. 55–66]. Let f : M → M be a diffeomorphism of a compact C∞ Riemannian
manifold M . Then the derivative of f can be considered a map df : TM → TM where TM =⋃

x∈M TxM is the tangent bundle of M and dfx : TxM → Tf(x)M .

Definition 1.1 (Hyperbolic Set). A closed subset Λ ⊂ M is hyperbolic if f(Λ) = Λ and each
tangent space TxM with x ∈ Λ can be written as a direct sum TxM = Eu

x ⊕Es
x of subspaces so

that:

(a) Df(Es
x) = Es

f(x), Df(Eu
x) = Eu

f(x);

(b) there exist constants c > 0 and λ ∈ (0, 1) so that ∥Dfn(v)∥ ≤ cλn∥v∥ when v ∈ Es
x, n ≥ 0

and ∥Df−n(v)∥ ≤ cλn∥v∥ when v ∈ Eu
x , n ≥ 0;

(c) Es
x, E

u
x vary continuously with x.

Definition 1.2 (Anosov Diffeomorphism). f is an Anosov diffeomorphism if M is a hyper-
bolic set for f .

Definition 1.3 (Non-wandering Set). A point x ∈ M is non-wandering if U ∩
⋃

n>0 f
nU ̸= ∅

for every neighborhood U of x. The set Ω(f) of all non-wandering points is closed and f -
invariant.

Definition 1.4 (Axiom A). f satisfies Axiom A if:

1. Ω(f) is hyperbolic.

2. The periodic points of f are dense in Ω(f).

Definition 1.5. Let Λ be a hyperbolic set. For a sufficiently small ϵ > 0 and any point x ∈ Λ,
we define:

Local stable manifold: W s
ϵ (x) = {y ∈ M : d(fnx, fny) ≤ ϵ for all n ≥ 0}

Local unstable manifold: W u
ϵ (x) = {y ∈ M : d(f−nx, f−ny) ≤ ϵ for all n ≥ 0}

Global stable manifold: W s(x) = {y ∈ M : d(fnx, fny) → 0 as n → ∞}
Global unstable manifold: W u(x) = {y ∈ M : d(f−nx, f−ny) → 0 as n → ∞}

where d is the adapted Riemannian metric on the manifold M .

Theorem 1.6 (Anosov’s Closing Lemma). If f is an Anosov diffeomorphism, then f satisfies
Axiom A.

Theorem 1.7 (Spectral Decomposition). Let f satisfy Axiom A. One can write Ω(f) = Ω1 ∪
Ω2 ∪ · · · ∪ Ωs where the Ωi are pairwise disjoint closed sets with:

(a) f(Ωi) = Ωi and f |Ωi is topologically transitive;

(b) Ωi = X1,i ∪ · · · ∪Xni,i with the Xj,i’s pairwise disjoint closed sets, f(Xj,i) = Xj+1,i (where
Xni+1,i = X1,i) and fni |Xj,i is topologically mixing.

1.1 Canonical Coordinates

Theorem 1.8 (Canonical Coordinates). Suppose f satisfies Axiom A. For any small ϵ > 0
there is a δ > 0 so that W s

ϵ (x) ∩ W u
ϵ (y) consists of a single point, denoted by [x, y], whenever

x, y ∈ Ω(f) and d(x, y) ≤ δ. Furthermore, [x, y] ∈ Ω(f), and the bracket map [·, ·] : {(x, y) ∈
Ω(f)× Ω(f) : d(x, y) ≤ δ} → Ω(f) is continuous.

3



1.2 Markov Partitions

Let Λ be a hyperbolic set. A rectangle is a set T ⊂ Λ such that T has small diameter and
[x, y] ∈ T whenever x, y ∈ T . For x ∈ T let

W s(x, T ) = W s
ϵ (x) ∩ T

W u(x, T ) = W u
ϵ (x) ∩ T

where ϵ is the diameter of T . A rectangle T is proper if T = int T (as a subset of Λ).
A Markov partition of Λ is a finite collection R = {R1, . . . , Rm} of proper rectangles such

that:

(a) Λ =
⋃m

i=1Ri;

(b) int Ri ∩ int Rj = ∅ for i ̸= j;

(c) if x ∈ int Ri and f(x) ∈ int Rj , then f(W s(x,Ri)) ⊂ W s(f(x), Rj) and f(W u(x,Ri)) ⊃
W u(f(x), Rj).

Theorem 1.9. Every basic set Ωs has Markov partitions R = {R1, . . . , Rm} of arbitrarily small
diameter.

Definition 1.10 (Transition Matrix). Let R = {R1, . . . , Rm} be a Markov partition for a
hyperbolic set Λ. The transition matrix A(R) is the m×m matrix defined by:

Aij =

{
1 if int Ri ∩ f−1(int Rj) ̸= ∅
0 otherwise

(1)

Definition 1.11 (Symbolic Space ΣA). Given a transition matrix A, the topological Markov
chain (or subshift of finite type) (ΣA, σ) is defined by the space of sequences:

ΣA = {x = (xk)k∈Z : xk ∈ {1, . . . ,m} and Axkxk+1
= 1 for all k ∈ Z} (2)

equipped with the product topology and the shift map σ : ΣA → ΣA defined by (σx)k = xk+1.

Theorem 1.12. Let R be a Markov partition for a basic set Ωs. The map π : ΣA → Ωs defined
by

π(x) =
⋂
k∈Z

f−kRxk

is a continuous surjection such that π ◦ σ = f ◦ π. Furthermore, π is one-to-one on π−1(Ωs \⋃
k∈Z fk∂R).
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2 The Hyperbolic Invertible Case

Let B : T2 → T2 be a toral automorphism with eigenvalues λ1 = λ−1
2 and λ1 > 1. We utilize

Bowen’s framework to construct a Markov partition of the space in order to analyze its invariant
subsystems.

2.1 Key Dynamical Observations

Claim 2.1. The map B is an Anosov diffeomorphism.

Proof. We define the stable and unstable subspaces at each point to be those generated by the
respective contracting and expanding eigenvectors of B, setting λ to be λ−1

1 .

Claim 2.2. The map B is topologically mixing.

Proof. Let U be a nonempty open set in T2. Consider a line segment L ⊂ U aligned with the
expanding unstable direction. Since B is a hyperbolic toral automorphism, its eigenvalues are
irrational, implying that the unstable manifold has an irrational slope. By standard results in
structural dynamics, the projections of these long unstable segments are dense in the torus,
ensuring that Bn(U) eventually intersects any other open set for sufficiently large n.

Lemma 2.3. The torus T2 consists of a single basic set (itself), where stable and unstable
manifolds are linear segments along the eigen-directions, and canonical coordinates are unique
intersections within small local domains. Rectangles are parallelograms and are uniformly proper.

(a) Brin-Stuck partition. (b) Explicit Markov partition geometry.

Figure 1: A Markov partition of
(
2 1
1 1

)
obtained from Brin and Stuck [3].

We obtain a partition T2 =
⋃k

i=1Ri and a finite-to-one semi-conjugacy ϕ : ΣA → T2. We
fix a fundamental domain of the torus that leaves each partition parallelogram within a single
connected component. For any word (a−m, . . . , an) ∈ Ln+m+1(ΣA), we define:

ϕ(a−m, . . . , an) :=
n⋂

k=−m

B−k(Rak)

Let us define the collection of these cylinder regions as:

Cm,n := {ϕ(a−m, . . . , an) | (a−m, . . . , an) ∈ Ln+m+1(ΣA)}
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2.2 Properties of the Markov Geometric Cover

Claim 2.4. For every structural word (a−m, . . . , an), the set ϕ(a−m, . . . , an) is a single, con-
nected parallelogram in the chosen fundamental domain of T2.

Proof. The intersection
⋂n

k=−mB−k(Rak) lifted to R2 is a finite intersection of convex parallel-
ograms whose boundaries are uniformly aligned with the eigen-directions. Since it is entirely
contained within the proper local domain Ra0 , it projects down as a single connected region.

Claim 2.5. The collection Cm,n forms a proper geometric covering of T2.

Proof. Since B is invertible, the collection {Bk(R1), . . . , B
k(Rk)} covers T2 for any fixed k ∈

Z. The collection Cm,n is the join of m + n + 1 such covers, preserving the global coverage
properties.

Let a and b denote the minimum and maximum side lengths across all initial rectangles Ri,
respectively.

Claim 2.6. For every admissible word (a−m, . . . , an), the geometric rectangle ϕ(a−m, . . . , an)
has component side lengths bounded below by aλ−n

1 and above by bλ−m
1 .

Proof. The boundaries of the partition elements are strictly aligned with the stable and unstable
dynamics. Iteration under Bk yields dynamic scaling along these axes precisely by factors of λ1

and λ−1
1 .

Consequently, Cn,n is a covering of T2 by small parallelograms whose widths and lengths are
bounded within [aλ−n

1 , bλ−n
1 ], intersecting only at boundaries.

Let Y be an invariant subsystem of (T2, B). We define Ñ(Y, n) to be the exact number of
parallelograms in Bn,n that intersect Y .

2.3 Minkowski Dimension Consistency

Proposition 2.7. There exist global geometric constants c1, c2 > 0 independent of n such that:

c1N(Y, λ−n
1 ) ≤ Ñ(Y, n) ≤ c2N(Y, λ−n

1 ) ∀n ∈ N (3)

Proof. By Claim 2.5, every element R ∈ Cn,n has side lengths bounded by aλ−n
1 and bλ−n

1 . Since
the interior angles of these parallelograms are fixed uniformly by the global eigenvectors of B, the
shape orientation is stable across scales. Thus, there exist geometric constants Kmin,Kmax > 0
such that diam(R) ≤ Kmaxλ

−n
1 and Area(R) ≥ Kminλ

−2n
1 .

For the lower bound, let RY ⊆ Cn,n be the elements intersecting Y , so |RY | = Ñ(Y, n).
Because diam(R) ≤ Kmaxλ

−n
1 , each element can be covered by a bounded number t1 of standard

Euclidean balls of radius λ−n
1 . Thus, Y can be covered by t1Ñ(Y, n) standard balls, implying

N(Y, λ−n
1 ) ≤ t1Ñ(Y, n), yielding c1 = 1/t1.

For the upper bound, consider an optimal cover of Y by N(Y, λ−n
1 ) standard balls of radius

λ−n
1 . Any parallelogram R ∈ Cn,n intersecting a ball B(x, λ−n

1 ) is contained within B(x, (1 +
Kmax)λ

−n
1 ), which has area π(1 + Kmax)

2λ−2n
1 . Since the interiors of the parallelograms are

pairwise disjoint, the maximum number of intersecting elements per ball is bounded by c2 =
π(1+Kmax)2

Kmin
, which completes the proof.

Corollary 2.8. The additive constants log c1 and log c2 vanish in the scaling limit, ensuring
that the Minkowski dimension satisfies:

dimMY = lim sup
n→∞

log Ñ(Y, n)

n log λ1
(4)
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2.4 Topological Entropy and Dimension

We relate the topological entropy of Y to the symbolic space ΣA.

Claim 2.9. The semi-conjugacy ϕ : ΣA → T2 is finite-to-one.

Proof. By construction, ϕ is strictly injective except on the boundaries of the partition rectangles
Ri. Because these boundaries consist of a finite union of lower-dimensional stable and unstable
segments, any point has at most 4 pre-images.

Corollary 2.10. By standard ergodic principles for finite-to-one extensions, the entropy is pre-
served: htop(ϕ

−1(Y )) = htop(Y ).

Claim 2.11. For the symbolic subsystem ΣY = ϕ−1(Y ), the topological entropy corresponds to
the language growth rate:

htop(ΣY ) = lim
k→∞

log |Lk(ΣY )|
k

(5)

Claim 2.12. The count Ñ(Y, n) matches the number of admissible words of length 2n + 1 in
ΣY .

Proof. Each unique element of Bn,n maps to a word (a−n, . . . , an) of length 2n + 1. Therefore
we have: Ñ(Y, n) = |L2n+1(ΣY )|.

Combining these results, we establish the explicit calculation:

htop(Y ) = lim
n→∞

log Ñ(Y, n)

2n+ 1

Thus, dimM Y exists and simplifies directly to:

dimM Y =
2htop(Y )

log λ1
(6)

2.5 Hausdorff Dimension Equivalence

Let B̂n,n denote the collection Bn,n with the right and lower boundaries removed to ensure
strict disjointness. Let µ be a B-invariant ergodic probability measure supported on Y . By the
Shannon–McMillan–Breiman theorem, for µ-almost every x:

lim
n→∞

− 1

2n+ 1
log µ(B̂n,n(x)) = hµ

By the mass distribution principle, it follows that dimH Y ≥ 2
log λ1

hµ. Invoking the variational
principle over all invariant measures, we obtain:

dimH Y ≥ 2

log λ1
htop(Y ) = dimM Y

Since the reverse direction dimH Y ≤ dimM Y always holds, we conclude dimH X = dimM X
for all invariant subsystems.
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3 Matrices with Equal Eigenvalues

Theorem 3.1. Let A ∈ M2(Z) be a toral endomorphism with equal eigenvalues λ1 = λ2 = λ > 1.
For any invariant subset X ⊆ T2, we have dimH X = dimM X.

Proposition 3.2. Let A ∈ M2(Z) have a repeated eigenvalue λ > 1 and a non-trivial Jordan
block. There exist constants C1, C2 > 0 such that for all n ∈ N and all vectors z ∈ R2:

C1
λn

n
∥z∥ ≤ ∥Anz∥ ≤ C2nλ

n∥z∥ (7)

Proof. Under the assumptions, there exists an invertible matrix P such that A = PJP−1, where

J =

(
λ 1
0 λ

)
. The n-th matrix power is explicitly:

Jn =

(
λn nλn−1

0 λn

)
= λn

(
1 n/λ
0 1

)

Let Sn =

(
1 α
0 1

)
where α = n/λ. The singular values σ1 ≥ σ2 of Sn are the square roots of

the eigenvalues of M = ST
n Sn =

(
1 α
α α2 + 1

)
. The characteristic equation det(M − µI) = 0 is:

µ2 − (α2 + 2)µ+ 1 = 0

Evaluating via the quadratic formula yields the explicit matrix roots:

µ± =
α2 + 2± α

√
α2 + 4

2

For the maximal root, we observe α2 < µ+ < α2 + 2. Thus, the largest singular value of Jn

satisfies σ1(Jn) = λn√µ+ ≤ Cnλn. For the minimal root, since µ+µ− = 1, we have µ− = 1/µ+.
Given µ+ < (n/λ + 1)2 for large n, we obtain µ− > (n/λ + 1)−2, hence σ2(J

n) ≥ C ′λn/n.
Applying standard matrix norm equivalence bounds to An = PJnP−1 completes the proof.

To handle the polynomial growth adjustments, we introduce a customized variant of Fal-
coner’s theorem [2]:

Proposition 3.3. Let (F, d) be a compact metric space. Suppose there exist constants a > 0
and 0 < m ≤ 1 such that for every subset N ⊆ F with sufficiently small diameter, there is a
localized mapping ϕN : N → F satisfying:

am · d(x, y) ≤ diam(N)m · d(ϕN (x), ϕN (y)) ∀x, y ∈ N (8)

Then the upper dimension satisfies dimM (F ) ≤ 1
m dimH(F ).

Proof. Assume s > dimH F
m , which implies Hsm(F ) = 0 < asm. Let U1, . . . , Uk be an open

cover of F with small diameters |Ui| < λ0 and |Ui|m < am/2 satisfying
∑k

i=1 |Ui|sm < asm. By
hypothesis, we have mappings φi : Ui → F stretching by at least am|Ui|−m.

Let Jq be the set of q-term sequences chosen from {1, . . . , k}. For each multi-index (i1, . . . , iq) ∈
Jq, we define the nested sets:

Ui1,...,iq = φ−1
i1

(
φ−1
i2

(
. . .
(
φ−1
iq

(F )
)))

Repeated application of the contraction properties yields the geometric bound:

|Ui1,...,iq | ≤ a−qm|Ui1 |m . . . |Uiq |m|F | (9)
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Let b = min1≤i≤k a
−m|Ui|m. For any resolution scale ϵ < |F |, we terminate each infinite branch

at the unique minimal index step q where:

bϵ <
(
a−1|Ui1 |

)m
. . .
(
a−1|Uiq |

)m |F | ≤ ϵ (10)

Let S denote the set of all such cut-off finite sequences. This configuration provides a finite
covering F ⊂

⋃
S Ui1,...,iq . Summing the geometric steps yields:

(bϵ)s cardS <
∑
S

(
a−1|Ui1 |

)sm
. . .
(
a−1|Uiq |

)sm |F |sm < |F |s (11)

Hence, F can be covered by at most |F |s(bϵ)−s sets of diameter ϵ, showing dimMF ≤ s. Taking
s → dimH F

m yields the conclusion.

Proof of Theorem 3.1. If A is completely diagonalizable, the result follows from standard prod-
uct space techniques. We therefore assume A possesses a non-trivial Jordan block. Fix any
parameter m ∈ (0, 1). We check the validation requirements of Proposition 3.3 for this m set-
ting a = 1. Let N ⊆ X be an arbitrary tracking subset with sufficiently small diameter. We
select the unique index n ∈ N tracking the scale:

1

10C2(n+ 1)λn+1
< diam(N) ≤ 1

10C2nλn

From the right inequality and Proposition 3.2, the global expansion is bounded:

diam(An(N)) ≤ C2nλ
n diam(N) ≤ 1

10
<

1

2

This implies the metric tracking on T2 matches the standard Euclidean metric exactly. Lever-
aging the left tracking bound, we obtain diam(N)−m <

(
10C2(n+ 1)λn+1

)m. Simultaneously,
Proposition 3.2 ensures:

d(Anx,Any) ≥ C1
λn

n
d(x, y) ∀x, y ∈ N

Since λ > 1 and m < 1, the exponential term λn dominates the polynomial step n and the
scaled power λm(n+1) for all large n. Thus, there exists a threshold index n0 such that for all
n ≥ n0:

C1
λn

n
≥
(
10C2(n+ 1)λn+1

)m
> diam(N)−m

Setting δ = 1
10C2n0λn0 , any subset with diam(N) < δ forces n ≥ n0. Setting ϕN = An, we fulfill

the conditions of Proposition 3.3, yielding dimMX ≤ 1
m dimH X. Taking the limit as m → 1−

concludes the proof.
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4 Hyperbolic Non-Invertible Matrices with Mixed Eigenvalues

We now investigate the non-invertible hyperbolic case characterized by eigenvalues satisfying
0 < λ1 < 1 < λ2. We begin our local analysis using the specific matrix:

A =

(
4 2
2 2

)
(12)

and subsequently extend our findings to general configurations in M2(Z).
We note that Falconer’s Theorem cannot be applied in the same straightforward manner as in

the previous section. Furthermore, because A is not an Anosov diffeomorphism (as it lacks global
invertibility), we cannot immediately construct a standard Markov partition to obtain a clean
symbolic coding. To resolve this, we construct a custom Markov partition on the corresponding
natural extension (the invertible lift space).

4.1 A Markov Partition for the Invertible Lift

We attempt to use slight variations of Bowen’s methods to obtain a Markov partition in the
inverse limit space of the system (T2, A), defined as:

T̂2 = {x = (x0, x1, x2, . . . ) : xi ∈ T2 and Axi = xi−1 for all i ∈ N}

with the natural lift map Ā : T̂2 → T̂2, which is now invertible.
Let us clearly define the action of Ā and its inverse Ā−1 on this space. The map Ā applies

A to all coordinates:

(Āx)i = Axi =

{
Ax0 for i = 0

xi−1 for i ≥ 1

Thus, Āx = (Ax0, x0, x1, x2, . . . ). Conversely, the inverse map Ā−1 simply shifts the sequence
one index to the left:

(Ā−1x)i = xi+1

So Ā−1x = (x1, x2, x3, . . . ). We equip T̂2 with the metric:

d(x,y) =

∞∑
i=0

1

2i
dT2(xi, yi)

Using this precise metric and the shift mappings, we can rigorously characterize the stable
and unstable manifolds in the inverse limit space.

Claim 4.1 (Local Stable Manifold in T̂2). For x ∈ T̂2 and small ϵ > 0, the local stable manifold
is given by:

W s
ϵ (x, Ā) = {y ∈ T̂2 : y0 ∈ W s

ϵ (x0, A) and d(x,y) ≤ ϵ}

Proof. By definition, we require d(Ānx, Āny) ≤ ϵ for all n ≥ 0. As n → ∞, the i-th coordinate
of Ānx is An−ix0 for i ≤ n. For the total sum to remain bounded by ϵ, the forward iterates
Akx0 and Aky0 must track each other, which strictly requires y0 ∈ W s

ϵ (x0, A). The condition
d(x,y) ≤ ϵ guarantees the initial metric bound for n = 0. Any valid sequence of preimages y
satisfying these two conditions will naturally satisfy the bound for all n > 0 because the shift
map moves the sequence indices to the right, heavily discounting them by the metric’s 2−i factor.
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Claim 4.2 (Local Unstable Manifold in T̂2). For x ∈ T̂2 and small ϵ > 0, the local unstable
manifold requires strict alignment along the unstable leaves of A for every coordinate:

W u
ϵ (x, Ā) = {y ∈ T̂2 : yi ∈ W u

ϵ (xi, A) for all i ≥ 0}

Proof. We require d(Ā−nx, Ā−ny) ≤ ϵ for all n ≥ 0. Since (Ā−nx)i = xi+n, we must have
dT2(xm, ym) ≤ ϵ uniformly for all m ≥ 0. Moving forward in the sequence indices equates to
taking preimages, which applies the local branches of A−1. Because A−1 expands the stable
subspace, ym − xm must have zero stable component to remain bounded. Thus, yi must lie
entirely in W u

ϵ (xi, A) for all i ≥ 0. Because A−1 contracts the unstable leaves, the distances
dT2(xi, yi) strictly decay to 0 as i → ∞.

Claim 4.3 (Canonical Coordinates in T̂2). For x,y ∈ T̂2 sufficiently close, the canonical inter-
section [x,y] = W s

ϵ (x, Ā) ∩W u
ϵ (y, Ā) consists of a uniquely defined sequence z ∈ T̂2 generated

strictly by the unstable branches:

z0 = [x0, y0]A = W s
ϵ (x0, A) ∩W u

ϵ (y0, A)

zi = (A|Wu(yi,A))
−1(zi−1) for all i ≥ 1

Proof. Since z ∈ W s
ϵ (x, Ā), Claim 1 requires z0 ∈ W s

ϵ (x0, A). Since z ∈ W u
ϵ (y, Ā), Claim 2

requires zi ∈ W u
ϵ (yi, A) for all i ≥ 0. For the 0-th coordinate, this forces z0 ∈ W s

ϵ (x0, A) ∩
W u

ϵ (y0, A), uniquely defining z0 on the torus.
For i ≥ 1, the inverse limit structure requires Azi = zi−1. Because A restricted to its

unstable leaves is a bijective expansion, its inverse is a strict contraction. Therefore, zi is
uniquely determined by induction as the sole valid preimage of zi−1 residing inside W u(yi, A).
Finally, because d(yi, zi) → 0 exponentially, the sum d(x, z) satisfies the ϵ bound required to
safely place the entirely unique sequence z inside W s

ϵ (x, Ā).

Definition 4.4. A sequence {x(i)}∞i=−∞ of points in T̂2 is an α-pseudo-orbit if:

d(Āx(i),x(i+1)) < α for all i ∈ Z

Definition 4.5. A point x ∈ T̂2 β-shadows a pseudo-orbit {x(i)} if:

d(Āix,x(i)) ≤ β for all i

Proposition 4.6. For every β > 0, there exists α > 0 such that every bi-infinite α-pseudo-orbit
{x(i)}∞i=−∞ in T̂2 is β-shadowed by some point x ∈ T̂2.

Proof. Let ε > 0 such that β′ := ελ1
1−λ1

+ ε+ ε
2 < β.

Let δ ≤ ε
2 , so W s

ε (y) ∩W u
ε (z) ̸= ∅ for d(y, z) ≤ δ.

Pick M ∈ N such that λM
1 ε < δ/2 and choose α > 0 such that any α-pseudo-orbit {y(i)}Mi=0

satisfies d(Ājy(0),y(j)) < δ/2 for all j ∈ [0,M ].
Consider a bi-infinite α-pseudo-orbit {x(i)}∞i=−∞. For each r ∈ N, consider its finite trun-

cation on the symmetric interval [−rM, rM ]. Define z(kM) recursively for k ∈ [−r, r − 1] by
starting at the left endpoint z(−rM) = x(−rM) and setting:
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z((k+1)M) = W u
ε (Ā

Mz(kM)) ∩W s
ε (x

((k+1)M)) ∈ T̂2

This is well-defined since d(ĀMz(kM),x((k+1)M)) ≤ d(ĀMz(kM), ĀMx(kM))+d(ĀMx(kM),x((k+1)M)) <
λM
1 ε+ δ/2 < δ.

To find the shadowing point at index 0, we set wr = Ā−rMz(rM). For any i ∈ [sM, (s+1)M)
with −r ≤ s < r, we split the distance d(Āiwr,x

(i)) into three components via the triangle
inequality:

d(iwr,x
(i)) ≤ d(Āiwr, Ā

i−sMz(sM))

+ d(i−sMz(sM), Āi−sMx(sM))

+ d(i−sMx(sM),x(i))

We bound each term separately. For the first term, we write Āiwr = Āi−rMz(rM) and
expand it into a telescoping sum over intervals of length M . Because z(tM) ∈ W u

ε (Ā
Mz((t−1)M)),

applying Ā−1 exactly tM − i times contracts distances along the unstable manifold by λ1:

d(Āiwr, Ā
i−sMz(sM)) ≤

r∑
t=s+1

d
(
Āi−tMz(tM), Āi−tM (ĀMz((t−1)M))

)
≤

r∑
t=s+1

ελtM−i
1

For the second term, since z(sM) ∈ W s
ε (x

(sM)), forward iteration by i − sM ≥ 0 steps
contracts the distance along the stable manifold, giving a strict upper bound of ε.

For the third term, the forward interval length is i− sM ∈ [0,M). By our choice of α, this
segment is tracked within δ/2.

Combining these bounds yields that for any i ∈ [−rM, rM ]:

d(Āiwr,x
(i)) ≤

r∑
t=s+1

ελtM−i
1 + ε+

δ

2
≤ ελ1

1− λ1
+ ε+

δ

2
= β′ < β

Thus, wr is a point that strictly β′-shadows the finite pseudo-orbit segment from index −rM
to rM .

To extend this to the bi-infinite pseudo-orbit, we observe that the inverse limit space T̂2

is compact (by Tychonoff’s Theorem). Therefore, the sequence of index-zero shadowing points
{wr}∞r=1 admits a convergent subsequence wrk → x ∈ T̂2 as k → ∞.

Fix any index i ∈ Z. For all k large enough such that −rkM ≤ i ≤ rkM , we have
d(Āiwrk ,x

(i)) ≤ β′. By the continuity of the metric d and the map Ā, taking the limit as
k → ∞ gives:

d(Āix,x(i)) = lim
k→∞

d(Āiwrk ,x
(i)) ≤ β′ < β

Since i ∈ Z was arbitrary, the limit point x globally β-shadows the entire bi-infinite pseudo-
orbit.
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4.2 Markov Partitions

Lemma 4.7 (Expansiveness of the Lift). The invertible lift map Ā : T̂2 → T̂2 is expansive.

Proof. Because A is an expanding/hyperbolic endomorphism on T2, there exists an expan-
siveness constant for the base system. In the inverse limit space T̂2, the metric d(x,y) =∑∞

i=0
1
2i
dT2(xi, yi) dictates that if d(Ānx, Āny) is bounded for all n ∈ Z, the 0-th coordinates

must track each other indefinitely under both forward iteration (via A) and backward tracking
(via the specific sequence of preimages). Transversality of the local stable and unstable leaves
on T2 then forces x0 = y0, and consequently x = y for the entire sequence.

Theorem 4.8. T̂2 has Markov partitions R of arbitrarily small diameter.

Proof. Let β = 0.001, α > 0 as in the shadowing proposition. Choose γ < α/2 so that

d(Āx, Āy) < α/2 when d(x,y) < γ

Let P = {p1, . . . ,pr} be a γ-dense subset of T̂2 and

Σ(P ) =

q ∈
∞∏

j=−∞
P : d

(
Āq(j),q(j+1)

)
< α for all j

 .

For each q ∈ Σ(P ) there is a unique θ(q) ∈ T̂2 which β-shadows q; for each x ∈ T̂2 there is
a sequence q with x = θ(q).

For q,q′ ∈ Σ(P ) with q(0) = ps = (q′)(0) we define q∗ = [q,q′] ∈ Σ(P ) by

(q∗)(j) =

{
q(j) for j ≥ 0

(q′)(j) for j ≤ 0

Then d
(
Ājθ (q∗) , Ājθ(q)

)
≤ 2β for j ≥ 0 and d

(
Ājθ (q∗) , Ājθ(q′)

)
≤ 2β for j ≤ 0. So

θ (q∗) ∈ W s
2β(θ(q)) ∩W u

2β (θ (q
′)), i.e.,

θ
[
q,q′] = [θ(q), θ (q′)]

We now see that Ts =
{
θ(q) : q ∈ Σ(P ),q(0) = ps

}
is a rectangle. For x,y ∈ Ts we write

x = θ(q),y = θ (q′) with q(0) = ps = (q′)(0). Then

[x,y] = θ
[
q,q′] ∈ Ts

Suppose x = θ(q) with q(0) = ps and q(1) = pt. Consider y ∈ W s (x, Ts) ,y = θ (q′),
q(0) = ps. Then

y = [x,y] = θ
[
q,q′] and

Āy = θ
(
σ
[
q,q′]) ∈ Tt

as σ [q,q′] has (q′)(1) = pt in its zeroth position. Since Āy ∈ W s
ϵ (Āx) (diam (Ts) ≤ 2β is

small compared to ϵ), Āy ∈ W s
ϵ

(
Āx, Tt

)
. We have proved:

[(i)]

1. ĀW s (x, Ts) ⊂ W s
(
Āx, Tt

)
.

A similar proof shows Ā−1W u
(
Āx, Tt

)
⊂ W u (x, Ts), i.e.,

[(i)]

2. ĀW u (x, Ts) ⊃ W u
(
Āx, Tt

)
.
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Each Ts is closed; this follows from the following lemma.

Lemma 4.9. θ : Σ(P ) → T̂2 is continuous.

Proof. Otherwise there is a γ > 0 so that for every N one can find qN ,q′
N ∈ Σ(P ) with

q
(j)
N = (q′

N )(j) for all j ∈ [−N,N ] but d (θ (qN ) , θ (q′
N )) ≥ γ. If xN = θ (qN ) ,yN = θ (q′

N ) one
has

d
(
ĀjxN , ĀjyN

)
≤ 2β ∀j ∈ [−N,N ]

Taking subsequences we may assume xN → x and yN → y as N → ∞. Then d
(
Ājx, Ājy

)
≤ 2β

for all j and d(x,y) ≥ γ; this contradicts the expansiveness of Ā on T̂2.

Now T = {T1, . . . , Tr} is a covering by rectangles and (i) and (ii) above act as the Markov
condition (b). However, the Tj ’s are likely to overlap and not be proper. For each x ∈ T̂2 let
T (x) = {Tj ∈ T : x ∈ Tj} and T ∗(x) = {Tk ∈ T : Tk ∩ Tj ̸= ∅ for some Tj ∈ T (x)}.

As T is a closed cover of T̂2, Z = T̂2 \
⋃

j ∂Tj is an open dense subset of T̂2. In fact, one can
show that

Z∗ =
{
x ∈ T̂2 : W s

ϵ (x) ∩ ∂sTk = ∅ and W u
ϵ (x) ∩ ∂uTk = ∅ for all Tk ∈ T ∗(x)

}
is open and dense in T̂2.

For Tj ∩ Tk ̸= ∅, let

T 1
j,k = {x ∈ Tj : W

u (x, Tj) ∩ Tk ̸= ∅,W s (x, Tj) ∩ Tk ̸= ∅} = Tj ∩ Tk

T 2
j,k = {x ∈ Tj : W

u (x, Tj) ∩ Tk ̸= ∅,W s (x, Tj) ∩ Tk = ∅}
T 3
j,k = {x ∈ Tj : W

u (x, Tj) ∩ Tk = ∅,W s (x, Tj) ∩ Tk ̸= ∅}
T 4
j,k = {x ∈ Tj : W

u (x, Tj) ∩ Tk = ∅,W s (x, Tj) ∩ Tk = ∅}

If x,y ∈ Tj , then W s ([x,y], Tj) = W s (x, Tj) and W u ([x,y], Tj) = W u (y, Tj); this implies
Tn
j,k is a rectangle open in T̂2 and each x ∈ Tj ∩ Z∗ lies in int

(
Tn
j,k

)
for some n. For x ∈ Z∗

define
R(x) =

⋂{
int
(
Tn
j,k

)
: x ∈ Tj , Tk ∩ Tj ̸= ∅ and x ∈ Tn

j,k

}
.

Now R(x) is an open rectangle (x ∈ Z∗). Suppose y ∈ R(x) ∩ Z∗. Since R(x) ⊂ T (x) and
R(x) ∩ Tj = ∅ for Tj /∈ T (x), one gets T (y) = T (x). For Tj ∈ T (x) = T (y) and Tk ∩ Tj ̸= ∅,
y lies in the same Tn

j,k as x does since Tn
j,k ⊃ R(x); hence R(y) = R(x). If R(x) ∩ R (x′) ̸= ∅

(x,x′ ∈ Z∗), there is a y ∈ R(x) ∩ R (x′) ∩ Z∗; then R(x) = R(y) = R (x′). As there are only
finitely many Tn

j,k’s there are only finitely many distinct R(x)’s. Let

R =
{
R(x) : x ∈ Z∗

}
= {R1, . . . , Rm}

For x′ ∈ Z∗, R (x′) = R(x) or R (x′) ∩ R(x) = ∅; hence (R(x) \ R(x)) ∩ Z∗ = ∅. As Z∗ is
dense in T̂2, R(x) \R(x) has no interior (in T̂2) and R(x) = int(R(x)). For R(x) ̸= R (x′)

int(R(x)) ∩ int
(
R (x′)

)
= R(x) ∩R

(
x′) = ∅

To show that R is Markov we are left to verify condition (b). Suppose x,y ∈ Z∗ ∩ Ā−1Z∗,
R(x) = R(y) and y ∈ W s

ϵ (x). We will show R(Āx) = R(Āy). First T (Āx) = T (Āy). Otherwise
assume Āx ∈ Tj , Āy /∈ Tj . Let Āx = θ(σq) with q(1) = pj and q(0) = ps. Then x = θ(q) ∈ Ts

and by inclusion (i) above
Āy ∈ ĀW s (x, Ts) ⊂ W s

(
Āx, Tj

)
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contradicting Āy /∈ Tj . Now let Āx, Āy ∈ Tj and Tk ∩ Tj ̸= ∅. We want to show that Āx, Āy
belong to the same Tn

j,k. As Āy ∈ W s
ϵ (Āx) we have W s

(
Āy, Tj

)
= W s

(
Āx, Tj

)
. We will derive

a contradiction from

W u
(
Āy, Tj

)
∩ Tk = ∅, Āz ∈ W u

(
Āx, Tj

)
∩ Tk

Recall that Āx = θ(σq), q(1) = pj , q(0) = ps. Then by inclusion (ii)

Āz ∈ W u
(
Āx, Tj

)
⊂ ĀW u (x, Ts) or z ∈ W u (x, Ts)

Let Āz = θ (σq′); (q′)(1) = pk and q(0) = pt. Then z ∈ Tt and ĀW s (z, Tt) ⊂ W s
(
Āz, Tk

)
.

Now Ts ∈ T (x) = T (y) and z ∈ Tt ∩ Ts ̸= ∅. Now z ∈ W u (x, Ts) ∩ Tt and so there is some
z′ ∈ W u (y, Ts) ∩ Tt as x,y are in the same Tn

s,t. Then

z′′ = [z,y] =
[
z, z′

]
∈ W s (z, Tt) ∩W u (y, Ts)

and Āz′′ = [Āz, Āy] ∈ W s
(
Āz, Tk

)
∩W u

(
Āy, Tj

)
(using Āz, Āy ∈ Tj a rectangle), a contradic-

tion. So R(Āx) = R(Āy).
For small δ > 0 the sets

Y1 =
⋃W s

δ (z) : z ∈
⋃
j

∂sTj

 and Y2 =
⋃W u

δ (z) : z ∈
⋃
j

∂uTj


are closed and nowhere dense. Now Z∗ ⊃ T̂2 \ (Y1 ∪ Y2) is open and dense. Furthermore if
x /∈ (Y1 ∪ Y2) ∩ Ā−1 (Y1 ∪ Y2) then x ∈ Z∗ ∩ Ā−1Z∗ and the set of y ∈ W s(x, R(x)) with
y ∈ Z∗∩ Ā−1Z∗ is open and dense in W s(x, R(x)) (as a subset of W s

ϵ (x)∩ T̂2). By the previous
paragraph R(Āy) = R(Āx) for such y; by continuity

ĀW s(x, R(x)) ⊂ R(Āx)

As ĀW s(x, R(x)) ⊂ W s
ϵ (Āx), ĀW s(x, R(x)) ⊂ W s(Āx, R(Āx)). If int (Ri)∩ Ā−1 int (Rj) ̸=

∅, then this open subset of T̂2 contains some x satisfying the above conditions, Ri = R(x) and
Rj = R(Āx). For any x′ ∈ Ri ∩ Ā−1Rj one has W s (x′, Ri) = {[x′,y] : y ∈ W s (x, Ri)} and

ĀW s
(
x′, Ri

)
=
{[

Āx′, Āy
]
: y ∈ W s (x, Ri)

}
⊂
{[

Āx′, z
]
: z ∈ W s

(
Āx, Rj

)}
⊂ W s

(
Āx′, Rj

)
This completes the proof of half of the Markov conditions (b). The other half is proved

similarly and the proof is omitted. Alternatively one could apply the above to Ā−1, noting that
W u

Ā
= W s

Ā−1 .

4.3 Symbolic Dynamics

Throughout this section R = {R1, . . . , Rm} will denote a Markov partition of the basic set T̂2.
One defines the transition matrix B = B(R) by

Bij =

{
1 if int (Ri) ∩ Ā−1 int (Rj) ̸= ∅
0 otherwise.

Lemma 4.10. Suppose x ∈ Ri, Āx ∈ Rj , Bij = 1. Then ĀW s (x, Ri) ⊂ W s
(
Āx, Rj

)
and

ĀW u (x, Ri) ⊃ W u
(
Āx, Rj

)
.
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Proof. This follows structurally from the final portion of the Markov partition theorem above.

Definition 4.11. ∂sR =
⋃

j ∂
sRj and ∂uR =

⋃
j ∂

uRj .

Proposition 4.12. Ā (∂sR) ⊂ ∂sR and Ā−1 (∂uR) ⊂ ∂uR.

Proof. The set
⋃

j

(
int (Ri) ∩ Ā−1 int (Rj)

)
is dense in Ri. For any x ∈ Ri one can therefore

find some j and xn ∈ int (Ri) ∩ Ā−1 int (Rj) with limn→∞ xn = x. Then Bij = 1, x ∈ Ri,
and Āx ∈ Rj . Hence ĀW u (x, Ri) ⊃ W u

(
Āx, Rj

)
. If Āx /∈ ∂sR, then W u

(
Āx, Rj

)
is a

neighborhood of Āx in W s
ϵ (Āx)∩T̂2 and so W u (x, Ri) is a neighborhood of x in W s

ϵ (x)∩T̂2—that
is x /∈ ∂sRi. We have shown Ā (∂sR) ⊂ ∂sR. One gets Ā−1 (∂uR) ⊂ ∂uR by a similar argument
or by applying the first argument to Ā−1 in place of Ā.

Lemma 4.13. Let D ⊂ W s
δ (x) ∩ T̂2 and C ⊂ W u

δ (x) ∩ T̂2. Then the rectangle [C,D] is proper
iff D = int(D) and C = int(C) as subsets of W s

δ (x) ∩ T̂2 and W u
δ (x) ∩ T̂2 respectively.

Definition 4.14. Let R,S be two rectangles. S will be called a u-subrectangle of R if

[(a)]

1. S ̸= ∅, S ⊂ R, S is proper, and

2. W u(y, S) = W u(y, R) for y ∈ S.

Lemma 4.15. Suppose S is a u-subrectangle of Ri and Bij = 1. Then Ā(S) ∩ Rj is a u-
subrectangle of Rj.

Proof. Pick x ∈ Ri∩Ā−1Rj and set D = W s (x, Ri)∩S. Because S is a u-subrectangle (condition
(b)) one has

S =
⋃
y∈D

W u (y, Ri) = [W u (x, Ri) , D] .

As S is proper and nonempty, D ̸= ∅ and D = int(D). Now

Ā(S) ∩Rj =
⋃
y∈D

(
ĀW u (y, Ri) ∩Rj

)
By the earlier lemma, Ā(y) ∈ Rj and ĀW u (y, Ri) ∩ Rj = W u

(
Āy, Rj

)
. So Ā(S) ∩ Rj =⋃

y′∈Ā(D)W
u (y′, Rj) =

[
W u

(
Āx, Rj

)
, Ā(D)

]
.

Since Rj =
[
W u

(
Āx, Rj

)
,W s

(
Āx, Rj

)]
is proper, one has W u

(
Āx, Rj

)
proper. As Ā maps

W s
ϵ (x)∩ T̂2 homeomorphically onto a neighborhood in W s

ϵ (Āx)∩ T̂2, Ā(D) = int(Ā(D)) and so
Ā(S) ∩Rj is proper. Ā(S) ∩Rj ̸= ∅ as Ā(D) ̸= ∅; if y′′ ∈ Ā(S) ∩Rj , then y′′ ∈ W u (y′, Rj) for
some y′ ∈ Ā(D) and W u (y′′, Rj) = W u (y′, Rj) ⊂ Ā(S)∩Rj . So Ā(S)∩Rj is a u-subrectangle
of Rj .

Theorem 4.16. For each a ∈ ΣB the set
⋂

j∈Z Ā−jRaj consists of a single point, denoted π(a).
The map π : ΣB → T̂2 is a continuous surjection, π ◦ σ = Ā ◦ π, and π is one-to-one over the
residual set Y = T̂2 \

⋃
j∈Z Āj (∂sR∪ ∂uR).

Proof. If a1a2 · · · an is a word with Bajaj+1 = 1, then inductively one sees that

n⋂
j=1

Ān−jRaj = Ran ∩ Ā

n−1⋂
j=1

Ān−1−jRaj



16



is a u-subrectangle of Ran . From this one gets that

Kn(a) =

n⋂
j=−n

Ā−jRaj

is nonempty and the closure of its interior. As Kn(a) ⊃ Kn+1(a) ⊃ · · · we have

K(a) =
∞⋂

j=−∞
Ā−jRaj =

∞⋂
n=1

Kn(a) ̸= ∅

If x,y ∈ K(a), then Ājx, Ājy ∈ Raj are close for all j ∈ Z and so x = y by the expansiveness
of Ā. As

K(σa) =
⋂
j

Ā−jRaj+1 = Ā

⋂
j

Ā−jRaj


= ĀK(a)

one has π ◦ σ = Ā ◦ π. That π is continuous is proved similarly to the earlier continuity lemma.
As ∂sR ∪ ∂uR is nowhere dense, Y is residual. For x ∈ Y pick aj with Ājx ∈ Raj . As x ∈ Y ,
Ājx ∈ int

(
Raj

)
and so Bajaj+1 = 1. Thus a = {aj} ∈ ΣB and x = π(a). If x = π(b), then

Ājx ∈ Rbj and bj = aj because Ājx /∈ ∂sR ∪ ∂uR; so π is injective over Y . As π (ΣB) is a
compact subset of T̂2 containing a dense set Y , π (ΣB) = T̂2.

Generalizations
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A Two symbolic examples
We now study the space AZ × BN0 mentioned in the introduction. Its first coordinate is a two-
sided sequence; its second coordinate is a one-sided sequence. We give two compact invariant
subsets. In the first, Hausdorff and Minkowski dimensions differ. In the second, these dimensions
agree, but exceed the dimension of every invariant probability measure.

These are statements about the metric defined below. We do not identify these sets with
subsets of the torus. In particular, neither example answers the dimension question for the
matrix ( 4 2

2 2 ).

A.1 The space, the metric, and cylinder sets

Let A and B be finite alphabets, and put

Σ = AZ × BN0 , σ(x, y) = ((xj+1)j∈Z, (yj+1)j≥0).

For z = (x, y) and z′ = (x′, y′), define

N(z, z′) = min
(
{|j| : xj ̸= x′

j} ∪ {j ≥ 0 : yj ̸= y′
j}

)
, d(z, z′) = 2−N(z,z′).

The minimum of the empty set is ∞, and 2−∞ = 0. Thus the closest disagreement to index
zero determines the distance. This metric induces the product topology. It is an ultrametric: if
two pairs agree at every coordinate of weight greater than r, so does the remaining pair. Hence
d(z, z′′) ≤ max{d(z, z′), d(z′, z′′)}. The space Σ is compact and σ is continuous. Throughout
this appendix, invariant means σ(E) = E.

For n ≥ 1, the level-n cylinder containing z is

Cn(z) = {(x′, y′) : x′
j = xj (−n ≤ j < n), y′

j = yj (0 ≤ j < n)}.

Its diameter is at most 2−n. Conversely, a nonempty set of diameter strictly less than 2−n lies
in one level-n cylinder. For E ⊆ Σ, let Kn(E) be the number of such cylinders meeting E. If
Nr(E) denotes the least number of sets of diameter at most r covering E, then, for n ≥ 2,

Kn−1(E) ≤ N2−n(E) ≤ Kn(E). (A.1)

Indeed, each set in the left-hand covering fixes all coordinates specified at level n − 1. Covering
by sets of diameter r or by balls of radius r gives the same dimension: either convention bounds
the other after replacing r by 2r. Consequently,

dimME = lim inf
n→∞

log2 Kn(E)
n

, dimME = lim sup
n→∞

log2 Kn(E)
n

.

18



Lemma A.1. Let E ⊆ Σ be Borel. Suppose a Borel probability ν with ν(E) = 1 satisfies

ν(Cn(z)) ≤ C2−sn (z ∈ Σ, n ≥ 1)

for constants s > 0 and C > 0. Then every Borel set of full ν-measure has Hausdorff dimension
at least s. In particular, dimH E ≥ s.

Proof. If 2−(n+1) ≤ diam U < 2−n, then U lies in one level-n cylinder. Its outer measure
therefore satisfies

ν∗(U) ≤ C2−sn ≤ C2s(diam U)s.

Singletons have measure zero, by letting n → ∞ in the assumed bound. For any countable
cover F ⊆

⋃
i Ui of a full-measure set by sufficiently small sets,

1 ≤
∑

i

ν∗(Ui) ≤ C2s
∑

i

(diam Ui)s.

Taking infima over these covers gives Hs(F ) ≥ (C2s)−1 > 0, and hence dimH F ≥ s.

A.2 Different Hausdorff and Minkowski dimensions

Take P = {1, 2}, Q = {1, 2, 3, 4}, A = {0} ∪ P , and B = {0} ∪ Q. It is convenient to construct
two-sided pairs first and then discard the negative coordinates of the second sequence. Write

Σ̂ = AZ × BZ, p(a, b) = (a, (bj)j≥0).

For each n ≥ 1, put gn = ⌈
√

n⌉. Given u ∈ P n and v ∈ Qn, define a pair of sequences by

aj =
{

uj 0 ≤ j < n,

0 otherwise,
bj =

{
vj−n−gn n + gn ≤ j < 2n + gn,

0 otherwise.

Here words are indexed from 0 to n − 1. Thus a block of n first-coordinate symbols is followed
by gn zero pairs, then by a block of n second-coordinate symbols. Let F consist of all these
pairs and all their integer translates. Define

Y = F ⊆ Σ̂, Z = p(Y ).

The closure is taken in the product topology.

Proposition A.2. The set Z is compact, σ(Z) = Z, and

dimH Z = 2 < 3 = dimMZ = dimMZ.

Proof. The two-sided shift is a homeomorphism and permutes F . It therefore maps Y onto
itself. Since p is continuous and commutes with the shift, Z is compact and σ(Z) = Z.
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Hausdorff dimension. The set F , and hence p(F), is countable. We describe the other limits
in Y . If the block lengths in a convergent sequence from F remain bounded, then either a
subsequence is constant or both blocks leave every fixed finite interval. The limit belongs to F
or is zero.

Suppose instead that the block lengths tend to infinity. The distance between a nonzero
first-coordinate symbol and a nonzero second-coordinate symbol is at least gn + 1, which tends
to infinity. A limit therefore cannot have both kinds of nonzero symbols at fixed indices. Also,
the support of each coordinate is an interval: if two indices carry nonzero symbols, every index
between them does too. This property persists under limits, since the alphabets are finite.

It follows that each remaining limit has only P symbols in its first coordinate, on an interval
of Z, or only Q symbols in its second coordinate, on an interval of Z. All other symbols are
zero. There are countably many intervals of Z, including finite intervals, half-lines, Z itself, and
the empty interval. For a fixed interval, the first type has at most 22t level-t cylinders after
projection; the second has at most 4t. Each family has upper Minkowski dimension at most
2, and thus Hausdorff dimension at most 2. Countable stability of Hausdorff dimension gives
dimH Z ≤ 2.

To obtain the reverse inequality, observe that PZ × {0N0} ⊆ Z. Indeed, center increasingly
long first-coordinate blocks around zero and choose their symbols to match any prescribed
sequence. The second block leaves every finite interval. On this full binary shift, the uniform
product probability gives every nonempty level-t cylinder mass 2−2t. Lemma A.1 gives dimH Z ≥
2.

Minkowski dimension. Fix t ≥ 1. A cylinder records the first coordinate on [−t, t − 1] and
the second on [0, t − 1]. For a fixed pair of visible support intervals, let u and v be their
respective lengths. The first block precedes the second, so these intervals are disjoint as subsets
of [−t, t − 1]. Consequently,

u + v ≤ 2t, v ≤ t, 2u4v = 2u+2v ≤ 23t.

There are at most C(t + 1)4 pairs of intervals, for a constant C independent of t. The same
bound includes the one-coordinate limits described above. Thus

Kt(Z) ≤ C(t + 1)4 23t. (A.2)

For a lower bound, choose n = t and translate the second block to [0, t − 1]. The first block is
then [−t − gt, −gt − 1]. The observed coordinates include t − gt freely chosen binary symbols
and t freely chosen four-valued symbols. Therefore

Kt(Z) ≥ 2t−gt4t = 23t−gt . (A.3)

Since gt/t → 0, equations (A.2)–(A.3) and (A.1) prove that both Minkowski dimensions are
3.

The two conditions on the gap have different uses: gn → ∞ excludes limits containing both
kinds of symbols, while gn/n → 0 gives the lower bound for the Minkowski dimension.
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A.3 A set larger in dimension than all its invariant measures

For a Borel probability measure µ on a metric space, define

dimH µ = inf{dimH F : F is Borel and µ(F ) = 1}.

An invariant probability on E means a Borel probability satisfying µ(σ−1F ) = µ(F ) for every
Borel F ⊆ E. For a compact invariant set E, put

Dinv(E) = sup{dimH µ : µ is an invariant probability on E}.

The supremum includes all invariant probabilities, without an ergodicity or independence as-
sumption. Necessarily Dinv(E) ≤ dimH E. In the preceding example equality holds: the invari-
ant binary product probability has dimension 2. We next make this inequality strict.

Fix an integer m ≥ 3. Take A = {0, 1, ∗} and Bm = {0, 1, . . . , m − 1}, with the same metric
d. Let Xm ⊆ AZ × BN0

m consist of all pairs satisfying

xj = ∗ =⇒ xj+1 = ∗ (j ∈ Z), xj ̸= ∗ =⇒ yj = 0 (j ≥ 0). (A.4)

The first coordinate may change once from binary symbols to ∗, but cannot change back. The
second coordinate is free only where the first coordinate is ∗.

These conditions are closed and are preserved by σ. Every (x, y) ∈ Xm has a preimage in
Xm: set x′

j = xj−1, y′
0 = 0, and y′

j = yj−1 for j ≥ 1. Hence Xm is compact and σ(Xm) = Xm.
For k ∈ Z, define the set with change at k by

Ek = {(x, y) ∈ Xm : xj ∈ {0, 1} (j < k), xj = ∗ (j ≥ k)}.

The cases with no change form

P0 = {0, 1}Z × {0N0}, Qm = {∗Z} × BN0
m .

These are disjoint Borel sets and give the decomposition

Xm = P0 ∪̇ Qm ∪̇
⋃

k∈Z
Ek. (A.5)

Proposition A.3. For every integer m ≥ 3,

Dinv(Xm) = max{2, log2 m} < dimH Xm = dimMXm = dimMXm = 1 + log2 m.

In particular, Dinv(X4) = 2 < 3 = dimH X4 = dimM X4.

Proof. On E0, the binary coordinates xj for j < 0 and the m-valued coordinates yj for j ≥ 0
are independent choices. There are exactly 2nmn level-n cylinders. Give these free coordinates
their uniform product probability. Every nonempty cylinder then has mass (2m)−n. Lemma A.1
yields

dimH Xm ≥ dimH E0 ≥ 1 + log2 m.
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Upper bound for the set dimensions. For −n ≤ k ≤ 0, the number of level-n cylinders meeting
Ek is 2n+kmn. For 0 ≤ k ≤ n, it is 2n+kmn−k. Both quantities are at most (2m)n: in the
second case their ratio to (2m)n is (2/m)k ≤ 1. Changes to the left of the observed interval
give at most mn additional cylinders, while changes to its right give at most 22n; these counts
also include Qm and P0, respectively. Thus

Kn(Xm) ≤ (2n + 3)(2m)n.

Equation (A.1) gives dimMXm ≤ 1 + log2 m. Together with the Hausdorff lower bound, this
proves equality of the three set dimensions.

Invariant measures. Let µ be any invariant Borel probability on Xm. The shift moves a change
at k + 1 to a change at k, so

σ−1(Ek) = Ek+1, µ(Ek) = µ(Ek+1) (k ∈ Z).

Since the sets Ek are pairwise disjoint, their common mass is zero. By countable additivity and
(A.5),

µ

 ⋃
k∈Z

Ek

 = 0, µ(P0 ∪ Qm) = 1.

The cylinder counts for P0 and Qm are 22n and mn, respectively. Their uniform product
probabilities have cylinder masses 2−2n and m−n. By (A.1) and Lemma A.1,

dimH P0 = 2, dimH Qm = log2 m.

The full-measure set P0 ∪ Qm therefore gives

dimH µ ≤ dimH(P0 ∪ Qm) = max{2, log2 m}.

Both product probabilities are invariant. Lemma A.1 applies to every full-measure set for either
probability, so their measure dimensions are 2 and log2 m. One of them attains the upper bound.
Finally, 1 + log2 m is larger than both 2 and log2 m when m ≥ 3.

A.4 Relation to the toral problem

The two examples establish different strict inequalities:

Dinv(Z) = dimH Z = 2 < dimM Z = 3, Dinv(X4) = 2 < dimH X4 = dimM X4 = 3.

The first uses countably many finite configurations to increase the number of cylinders needed
at small scales. The second uses sets Ek which have large Hausdorff dimension but zero mass
for every invariant probability.

All dimensions here use d, not the Euclidean metric on T2. The value 3 is therefore consis-
tent, but cannot be the dimension of a toral subset. A symbolic coding of the natural extension
does not by itself provide a dimension-preserving map from either constructed set to the torus.
No such realization has been proved here. The examples show what can happen in this mixed
sequence space; they give neither a proof nor a counterexample for the corresponding toral
question.
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